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1. Introduction
We consider the spherical maximal operator acting on radial functions on Rn . For smooth f the operator is deﬁned as
Ms f (x) = sup
t>0
∫
Sn−1
∣∣ f (x− ty)∣∣dσ(y), (1.1)
where dσ is the normalized rotation invariant measure on Sn−1. This operator transforms radial functions into radial func-
tions.
The spherical maximal operator is bounded on Lp if and only if p > n/(n − 1). This result was ﬁrst proved by E.M. Stein
for n  3 [21] and by J. Bourgain for n = 2 [3]. At the end point, p = n/(n − 1), J. Bourgain proved a restricted weak-type
inequality for n  3 [4] but the corresponding result fails for n = 2 [20]. Weighted inequalities for the spherical maximal
operator are in [9].
M. Leckband studied the spherical maximal operator acting on radial functions of Rn (see [15]). He proved that in such
a case the restricted weak-type inequality holds for all n 2 when p = n/(n− 1). The counterexamples showing thatMs is
unbounded on Lp for p  n/(n − 1) are radial, so that the results of Stein and Bourgain cannot be improved by restricting
the operator to radial functions. The improvement in Leckband’s paper only affects to the restricted weak-type estimate for
n = 2, although his proof for n  3 is also different. The result of Leckband was extended by Nevo and Ratnamukar to a
non-Euclidean setting, namely, to symmetric spaces of constant curvature [18].
As in Leckband’s paper, we consider the spherical maximal operator on radial functions. We shall focus our attention
on weighted inequalities, but obtain also the unweighted results. If f (x) = f0(|x|), then the spherical maximal operator can
be written as a one-dimensional maximal operator acting on f0. We use this operator, already introduced by Leckband,
but following a different approach. Our aim will be to ﬁnd pointwise bounds using simple one-dimensional operators from
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weak-type inequalities at the end-points.
Theorem 1.1.
(a) Let n 3.
1. The operatorMs is bounded on Lprad(|x|α) for 1< p < ∞ if and only if 1− n α < p(n − 1) − n.
2. It is of weak-type (1,1) if and only if 1− n α −1.
3. It satisﬁes a restricted weak-type inequality for α = p(n − 1) − n and 1< p < ∞.
(b) Let n = 2.
1. The operatorMs is bounded on Lprad(|x|α) for 2< p < ∞ if and only if −1 α < p − 2.
2. It is of restricted weak-type (2,2) if and only if −1 α  0 and of restricted weak-type (p, p) if p > 2 and α = p − 2.
3. If it is bounded on Lprad(w) for some p < 2, then w vanishes almost everywhere.
In this theorem and throughout the paper the subscript “rad” added to the notation of a space refers to the subspace
formed by the radial functions.
We shall need to consider the cases n  3 and n = 2 separately. This is not just a technical issue, but a consequence of
the higher singularity of the two-dimensional operator. Moreover, as the statement of the theorem shows, the results are
also different, the main discrepancy being that for n  3 there are weighted inequalities for all values of p, whereas for
n = 2 this fails to be true if p < 2. This should be compared with the general situation studied in [9], where it was shown
that nontrivial weighted inequalities fail to hold for p < n/(n − 1) in all dimensions.
For n  3 we write a pointwise upper bound as the sum of three terms: a local Hardy–Littlewood maximal operator,
a Hardy-type operator and a remote maximal operator acting far from the point. All of them have simple expressions and
their boundedness properties with respect to power weights are easy to prove. For the two-dimensional case we work with
an upper bound given as the sum of two terms, a Hardy–Littlewood type maximal operator and a remote maximal operator,
both raised to some power. In Section 2 we introduce the auxiliary operators and establish some of their boundedness
properties. In Section 3 we prove the pointwise bounds and in Section 4 we obtain the weighted inequalities. We next
study the behaviour of Ms on Morrey spaces, where again there is a discrepancy between the two-dimensional and the
higher dimensional cases. In Section 6 we use the pointwise bounds to obtain in all dimensions a Fefferman–Stein type
weighted inequality forMs valid when p > n/(n − 1).
Section 7 is devoted to the study of the universal maximal operator, deﬁned as
Mu f (x) = sup
θ∈Sn−1
sup
R>0
1
R
R∫
0
∣∣ f (x+ tθ)∣∣dt. (1.2)
This operator is unbounded for ﬁnite p in all dimensions but it is bounded on Lprad if p > n. Moreover, it is of restricted
weak-type for p = n. These results are in [5]. In [10] a pointwise bound for Mu f (x) in terms of the Hardy–Littlewood
maximal function is given when f is the characteristic function of a radial set. From such a bound the restricted weak-type
follows.
Although there is no relation between the spherical and the universal maximal operators, we include the last one in
the paper because when restricted to radial function it has a pointwise bound that is very similar to the one obtained for
the two-dimensional spherical maximal operator. Thus we can give more precise bounds than those in [10] in the case of
characteristic functions and in the case of general radial functions. From such bounds we deduce weighted inequalities. The
bound we obtain is independent of the dimension, but this is not surprising because when acting on radial functions the
universal maximal operator is essentially two-dimensional, since the action holds on the plane determined by the origin
and the line x+ tθ .
Throughout the paper M denotes the usual Hardy–Littlewood maximal function. Given a weight w and a set A, we
denote as w(A) the integral of w on A.
2. Some preliminaries
In this section we introduce the operators acting on functions deﬁned on (0,+∞) used in the paper.
First we consider a family of operators denoted by Ek and acting on a locally integrable g deﬁned on (0,+∞) as
Ekg(t) = sup
atb
1
bk − ak
b∫
a
∣∣g(s)∣∣sk−1 ds. (2.1)
In [11] the authors together with E. Seijo proved that given f0(t) for t ∈ (0,+∞) and setting f (x) = f0(|x|) for x ∈ Rn , the
n-dimensional Mf (x) is pointwise equivalent to En f0(|x|). There is a way of expressing all the operators Ek in terms of one
of them, for instance,
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where δk g(t) = g(t1/k). Although its relation with the Hardy–Littlewood maximal operator corresponds to integer values
of k, the deﬁnition makes sense for any positive k.
The local Hardy–Littlewood maximal operator L is deﬁned as
Lg(t) = sup
r<t/2
1
2r
t+r∫
t−r
∣∣g(s)∣∣ds. (2.3)
This operator was considered by Muckenhoupt in [17, Section 9], who gave the necessary and suﬃcient condition for
its boundedness on Lp(w) as a local Ap-condition. A higher dimensional version of the operator and the corresponding
weighted inequalities are in [16].
We consider the following variant of the Hardy operator. Let
Hkg(t) = 1
tk
t∫
0
sk−1g(s)ds. (2.4)
The original Hardy operator is H1. As in (2.2), we can relate any Hk to H1 by the formula kHk = δ1/kH1δk .
Finally, we introduce a remote maximal function averaging on intervals that are far from the point in which the action
of the operator is evaluated. We deﬁne it as
Rg(t) = sup
r>2t
1
2t
r+t∫
r−t
g(s)ds. (2.5)
Let us establish the boundedness properties of these operators needed in the proof of Theorem 1.1.
Lemma 2.1.
(a) The operator Ek is bounded on Lp(tα) for 1< p < ∞ if and only if −1< α < kp − 1, it is of weak-type (1,1) with respect to the
measure tα dt if and only if −1< α  k − 1, and it is of restricted weak-type (p, p) with respect to the measure tkp−1 dt.
(b) For every real α the local operator L is bounded on Lp(tα) for 1< p < ∞ and it is of weak-type (1,1) with respect to the measure
tα dt.
(c) The operator Hk is bounded on Lp(tα) for 1 < p < ∞ if and only if α < kp − 1. It is of weak-type (1,1) with respect to the
measure tα dt if and only if α  k − 1, and of restricted weak-type (p, p) with respect to the measure tkp−1 dt.
(d) The remote maximal operator R is bounded on Lp(tα) for 1 < p < ∞ and it is of weak-type (1,1) with respect to the measure
tα dt if and only if α  0.
Proof. (a) The case k = 1 corresponds to the usual one-dimensional Hardy–Littlewood maximal operator and is well known,
at least for the strong (p, p) and the weak-type (1,1) inequalities. The necessary and suﬃcient condition for the restricted
weak-type (p, p) with respect to the measure w(t)dt is given in [14] as
|A|
b − a  C
(
w(A)
w(a,b)
)1/p
,
for every measurable subset A of the interval (a,b), and is easy to check for w(t) = t p−1.
The results for Ek follow from those for E1 using the relation (2.2).
(b) Although one can check the local Ap condition of [17], in the case of power weights a direct proof is easy to do.
Observe that sα and tα are comparable in each one of the integrals deﬁning L in (2.3). Thus L(sα g)(t) ∼ tα Lg(t). It follows
that since L is bounded on (unweighted) Lp , it is bounded on Lp(tα) for every α ∈ R. For the weak-type (1,1) the usual
proof with coverings can be repeated.
(c) The strong type result for k = 1 is classical and goes back to Hardy [13]. The weak-type (1,1) is a particular case of
the general results on the weighted weak-type inequalities for the Hardy operator given in [1]. For other values of k we can
use the relation between Hk and H1.
The restricted weak-type follows from the inequality Hkg(t) Ek g(t) and the result in (a). A direct proof for Hk is also
easy to work.
(d) Let α  0. We have
Rg(t) = sup
r>2t
1
2t
r+t∫
g(s)ds C
tα+1
∞∫
g(s)sα ds.r−t 0
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interpolation theorem it is bounded on Lp(tα) for α  0 and 1< p < ∞.
The operator R is not of weak-type (p, p) with respect to tα dt for negative α. Indeed, let fN be the characteristic
function of [N,N +2]. Then R fN (t) = 1 for 0< t < 1 and all N  2. Since the norm of fN in Lp(tα) tends to zero as N tends
to inﬁnity, the weak-type inequality cannot hold. 
The operators Ek , Hk and L are known, but we could not ﬁnd the remote operator in the literature. We give in the next
lemma some weighted inequalities for it.
Lemma 2.2. If a weight w deﬁned on (0,+∞) satisﬁes for some p > 1
sup
t>0
sup
r>2t
(
1
t
t∫
0
w(s)ds
)(
1
t
r+t∫
r−t
w(s)1−p′ ds
)p−1
< +∞, (2.6)
then R is of weak-type (p, p) with respect to w(t)dt and is bounded on Lp(wδ) for 0 δ < 1.
If w satisﬁes
sup
t>0
(
1
t
t∫
0
w(s)ds
)(
inf
r>2t
w(r)
)−1
< +∞,
then R is of weak-type (1,1) with respect to w(t)dt.
In particular, the conditions hold for increasing w.
Proof. Assume that g is compactly supported. The set Bλ = {t ∈ (0,+∞): Rg(t) > λ} is bounded and, if b = sup Bλ , for any
 > 0 there exists t0 = t0() ∈ Bλ such that t0 > b −  . Therefore, there exists r > 2t0 such that
1
2t0
r+t0∫
r−t0
g(s)ds > λ. (2.7)
Then
λ 1
2t0
r+t0∫
r−t0
g(s)ds
 1
2t0
( r+t0∫
r−t0
g(s)pw(s)ds
)1/p( r+t0∫
r−t0
w(s)1−p′ ds
)1/p′
 C
( ∞∫
0
g(s)pw(s)ds
)1/p( t0∫
0
w(s)ds
)−1/p
.
Thus we get a bound for w(0, t0) independent of  and letting  tend to 0 we deduce the weak-type result for p > 1. The
case p = 1 is handled with small changes.
If w satisﬁes (2.6) and 0 < δ < 1, wδ satisﬁes a similar condition for a smaller p (namely, 1 + δ(p − 1)) and the
Marcinkiewicz interpolation theorem implies that R is bounded on Lp(wδ). 
3. Pointwise bounds
Let f0 be a nonnegative function deﬁned on (0,+∞). Deﬁne the n-dimensional radial function f as f (x) = f0(|x|). The
spherical maximal operator acting on f can be viewed as a one-dimensional operator acting on f0. Indeed, we have
Ms f (x) = sup
r>0
Cn
b∫
a
[(b2 − t2)1/2(t2 − a2)1/2]n−3
(b2 − a2)n−2 f0(t)t dt, (3.1)
where a = ||x| − r|, b = |x| + r and Cn = 2n−3 4Γ (n/2)Γ ((n−1)/2)Γ (1/2) . For ﬁxed r, the term in the right-hand side corresponds to the
average of f over the sphere of radius r centered at x. This is achieved using polar coordinates and the details can be found
in [15].
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f satisﬁes the following pointwise inequalities.
(a) For n 3,
Ms f (x) Cn
(
L f0
(|x|)+ Hn−1 f0(3|x|)+ R f0(|x|)). (3.2)
(b) For n = 2 and for every q > 2,
Ms f (x) Cq
(
E2 f
q
0
(|x|)+ R f q0 (|x|))1/q. (3.3)
The inequality holds also for q = 2 if f is the characteristic function of a radial set.
(c) If f0 is decreasing, then for n 2,
Ms f (x) CnHn−1 f0
(|x|). (3.4)
The operators appearing in the right-hand side of the inequalities are those deﬁned in the previous section.
Proof. We use the notation a = ||x| − r| and b = |x| + r as in (3.1).
(a) Case n 3. On the one hand, we have
b∫
a
[(b2 − t2)1/2(t2 − a2)1/2]n−3
(b2 − a2)n−2 f0(t)t dt 
1
4r|x|
b∫
a
f0(t)t dt.
For r  |x|/2, t and |x| are comparable and we can bound the right-hand side with CLf0(|x|). For r  2|x|, t and r are
comparable and we use the bound C R f0(|x|).
It remains to consider the case |x|/2< r < 2|x|. Here we use b2 − t2  b2 − a2, t2 − a2  t2 to get
b∫
a
[(b2 − t2)1/2(t2 − a2)1/2]n−3
(b2 − a2)n−2 f0(t)t dt 
C
(r|x|) n−12
b∫
a
tn−2 f0(t)dt
 C|x|n−1
3|x|∫
0
tn−2 f0(t)dt.
(b) Case n = 2. We apply Hölder’s inequality with exponents q > 2 and q′ to get
b∫
a
t f0(t)
(b2 − t2)1/2(t2 − a2)1/2
dt 
( b∫
a
t f0(t)
q dt
)1/q( b∫
a
t dt
(b2 − t2)q′/2(t2 − a2)q′/2
)1/q′
 Cq
(
1
r|x|
b∫
a
t f0(t)
q dt
)1/q
.
To deal with the last integral of the second term we split the interval into its two halves and use that t2 −a2 is comparable
to b2 − a2 when t ∈ ((a + b)/2,b) and b2 − t2 is comparable to b2 − a2 when t ∈ (a, (a + b)/2). This leads to the bound
Cq(r|x|)−1/q .
To obtain (3.3) we consider separately the cases r  2|x| and r > 2|x|. In the ﬁrst case, a  |x|, and we get the bound
E2 f
q
0 (|x|)1/q . If r > 2|x|, then t and r are comparable and we get R f q0 (|x|)1/q .
If f is the characteristic function of a radial set, we proceed in a different way. Let f0 = χA for a subset A of (0,+∞).
Consider ﬁrst the integral from a to (a + b)/2, where b2 − t2 is comparable to b(b − a), and denote l1 = |A ∩ (a, (a + b)/2)|.
Then, using that t/(t2 − a2)1/2 is decreasing for t > a, we have
(a+b)/2∫
a
tχA(t)
(b2 − t2)1/2(t2 − a2)1/2 dt 
C
b1/2(b − a)1/2
a+l1∫
a
t
(t2 − a2)1/2 dt
= C
(
(a + l1)2 − a2
b(b − a)
)1/2
 C
(
1
b(b − a)
(a+b)/2∫
tχA(t)dt
)1/2
.a
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t/(b2 − t2)1/2 is increasing in (0,b), we have
b∫
(a+b)/2
tχA(t)
(b2 − t2)1/2(t2 − a2)1/2 dt 
C
b1/2(b − a)1/2
b∫
b−l2
t
(b2 − t2)1/2 dt
= C
(
b2 − (b − l2)2
b(b − a)
)1/2
 C
(
1
b(b − a)
b∫
(a+b)/2
tχA(t)dt
)1/2
.
(c) First let us observe that if f0 is decreasing we have
Cn
b∫
a
[(b2 − t2)1/2(t2 − a2)1/2]n−3
(b2 − a2)n−2 f0(t)t dt  f0(a). (3.5)
This follows from the fact that for a ﬁxed value of r, the term in the right-hand side of (3.1) is 1 for f0 ≡ 1.
If a |x|/2, we can bound f0(a) CHk f0(|x|) for every k 1. Since a = ||x|− r|, to obtain (3.4) we only need to consider
averages with |x|/2< r < 3|x|/2, that is, 3|x|/2< b < 5|x|/2. For n 3 we already obtained the bound Hn−1 f0(|3x|) when r
is under such a restriction, so that we are left with n = 2, that is,
b∫
a
f0(t)t
(b2 − t2)1/2(t2 − a2)1/2 dt 
C
|x|
|x|∫
0
f0(t)dt.
The integral between |x| and b can be bounded by a constant times f0(|x|) as in (3.5). On the other hand, since b2 − t2 is
comparable to |x|2 when t ∈ (a, |x|), we have
|x|∫
a
f0(t)t
(b2 − t2)1/2(t2 − a2)1/2 dt 
C
|x|
|x|∫
a
f0(t)t
(t2 − a2)1/2 dt.
This is what we are looking for if a = 0. For a > 0, we have
|x|∫
a
f0(t)t
(t2 − a2)1/2 dt  f0(a)
2a∫
a
t
(t2 − a2)1/2 dt + 2
|x|∫
2a
f0(t)dt
 2
|x|∫
0
f0(t)dt,
where we used that t/(t2 − a2)1/2  2 for t > 2a. 
Remark 3.2. 1. For n 3 it holds that for every x ∈ Rn ,
Ms f (x)
Cn
|x|n−2 E1
(
tn−2 f0
)(|x|), (3.6)
where E1 is the operator deﬁned by (2.1). Indeed, each one of the terms of the right-hand side of (3.2) can be bounded
as in (3.6). This simpler bound contains less information. It implies the boundedness of Ms on Lprad for n/(n − 1) < p <
n/(n − 2), hence for all p > n/(n − 1) (by interpolating with L∞), but it does not give the sharp weighted estimates we get
with (3.2).
2. We can write an inequality of type (3.3) also for n 3, namely,
Ms f (x) Cq
(
En f
q
0
(|x|)+ R f q0 (|x|))1/q, (3.7)
valid for q > n/(n − 1). Remember that En f q0 (|x|) is pointwise equivalent to Mf q(x). Again this inequality contains less
information than (3.2), because it does not give estimates for the range 1 p  n/(n − 1).
Inequality (3.7) follows from (3.2) using
Hn−1g(t) Cn,q
(
Hng
q(t)
)1/q
, q >
n
n − 1 ,
which is a consequence of Hölder’s inequality.
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We start this section with the proof of the theorem stated in the introduction.
Proof of Theorem 1.1. (a) Let n  3. The operator Ms is bounded on Lprad(|x|α) if the operators on the right-hand side of
(3.2) are bounded on Lp(tα+n−1). According to Lemma 2.1 this holds without conditions on α for L, when α + n − 1 <
(n − 1)p − 1 for Hn−1 and when α + n − 1 0 for R . Altogether we get the conditions 1− n α < p(n − 1) − n.
The results for the weak-type (1,1) and for the restricted weak-type (p, p) are obtained in the same way from
Lemma 2.1. Note that for the restricted weak-type at the end-point α = p(n− 1)−n we only need to check it for Hn−1, the
other two operators being even of strong type for this value of α.
(b) Let n = 2 and p > 2. We consider the boundedness on Lprad(|x|α) of the right-hand side of (3.3), that is, the
boundedness on Lp(tα+1) of the corresponding one-dimensional operators. According to Lemma 2.1 this holds for R
if α + 1  0 and for (E2 f q0 )1/q if −2 < α < 2(p/q − 1). Since we can choose any q ∈ (2, p), we get the condition−1 α < p − 2.
Taking (3.3) with q = 2 for a characteristic function, we obtain the restricted weak-type (2,2) for Ms from the weak-
type (1,1) of E2 (−2 < α  0) and the remote operator R (α + 1  0). The restricted weak-type (p, p) with respect to
|x|p−2 dx follows in a similar way from the corresponding result for E2.
To prove that there are only trivial weighted inequalities for p < 2 we proceed as follows. If the weight does not vanish
almost everywhere, there is some a > 0 such that
lim
δ→0
1
δ
a+δ∫
a
w(t)dt = w(a) > 0. (4.1)
Take as f the characteristic function of the annulus a < |x| < a + δ. For |x| > a, we have Ms f (x) C(aδ)1/2|x|−1. If Ms is
bounded on Lp(w) we have
∞∫
a
(
a1/2δ1/2
t
)p
w(t)t dt  C
a+δ∫
a
w(t)t dt.
Dividing by δ and letting δ tend to zero, if (4.1) holds and p < 2, then the integral of w(r)r1−p on (a,∞) vanishes, that is,
w vanishes almost everywhere on (a,∞), contradicting (4.1). 
Remark 4.1. It is worth comparing the results obtained in this theorem with the weighted inequalities for Ms on general
functions obtained in [9].
For n 3 and p > n/(n− 1) the only difference is that here we prove the end-point α = 1− n, left open in [9], and that
we obtain the restricted weak-type at the other end-point, α = p(n − 1) − n. The main difference comes in the inequalities
for p  n/(n − 1). Indeed, it was shown in [9] that for those values of p if Ms is bounded on Lp(w), then w must be
identically zero.
In two dimensions, only the end-points for p > 2 and the weak-type estimates for p = 2 are different from the results
in [9]. Rather than comparing with the general situation, the relevant fact here is the lack of weighted inequalities for p < 2
even when Ms is restricted to radial functions, a fact that shows the singular behaviour of the two-dimensional spherical
maximal operator.
More general weighted inequalities can be written using the pointwise inequalities of Theorem 3.1. SinceMs f is radial
for radial f , we only need to consider radial weights. Indeed, for a general weight w the boundedness on Lprad(w) holds if
and only if it holds for the radial weight
W (x) =
∫
Sn−1
w
(|x|y)dσ(y).
Weights for the local operator L, the Hardy operator H1 (and its variants Hk) and the operator Ek have been fully described
in the literature. We do not know a characterization of the weighted inequalities for the remote maximal operator, but can
use at least the suﬃcient condition given in Lemma 2.2.
When applied to decreasing functions, the weighted inequalities forMs f are derived from the corresponding results for
the Hardy operator. Then we have the following corollary.
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functions if the weight w(x) = w0(|x|) satisﬁes
∞∫
A
(
A
t
)pn
w0(t)t
n−1 dt  C
A∫
0
w0(t)t
n−1 dt,
for all A > 0 and some constant C independent of A.
The result for the Hardy operator is due to Ariño and Muckenhoupt [2]. For equivalent conditions, extensions to Lorentz
spaces and other variants, see [7].
5. Boundedness in Morrey spaces
The Morrey space Lp,λ is deﬁned for 1 p < ∞ and 0 λ n as the class of locally integrable functions such that
‖ f ‖pp,λ = sup
x∈Rn
sup
r>0
1
rλ
∫
B(x,r)
| f |p < +∞. (5.1)
For λ = 0 we recover Lp and for λ = n we get L∞ .
It is not hard to check that when f is radial with f (x) = f0(|x|) and λ > 0 we have
‖ f ‖pp,λ ∼ sup
d>0
sup
r<d
rn−1−λ
d+r∫
d
∣∣ f0(s)∣∣p ds. (5.2)
In particular, using Hölder’s inequality we deduce for r < d that
1
r
d+r∫
d
∣∣ f0(s)∣∣ds Cr(λ−n)/p‖ f ‖p,λ. (5.3)
We also note that |x|(λ−n)/p is in Lp,λ for 0< λ n.
Chiarenza and Frasca proved in [8] that the Hardy–Littlewood maximal function is bounded on Lp,λ for 1 < p < ∞ and
0 λ n.
Theorem 5.1.
(i) Let n 2. The spherical maximal operator is bounded from Lp,λrad to Lp,λ if p > n/(n − 1) and 0 λ n.
(ii) Let n 3 and 1< p  n/(n−1). The spherical maximal operator is bounded from Lp,λrad to Lp,λ if and only if n− p(n−1) < λ n.
(iii) Let n = 2 and 1< p  2. The spherical maximal operator is unbounded if λ 2− p/2.
Proof. The case λ = 0 corresponds to the Lp boundedness and we do not need to consider it again.
Let f (x) = f0(|x|) be in Lp,λ with 0< λ < n and nonnegative. First we claim that for 0< λ < n we have
R f0(t) Ct(λ−n)/p‖ f ‖p,λ. (5.4)
Indeed, using (5.3) we have
sup
r>2t
1
t
r+t∫
r−t
f0(s)ds C‖ f ‖p,λt(λ−n)/p.
From the pointwise estimate (3.7), the result of Chiarenza and Frasca for M , and (5.4) we have (i).
To prove the suﬃcient part of (ii) we use (3.2). We already know that the local and the remote operators appearing in the
right-hand side of (3.2) are bounded on Lp,λrad without restriction on p. Then it suﬃces to prove that for max(0,n−p(n−1)) <
λ < n we have
Hn−1 f0(t) Ct(λ−n)/p‖ f ‖p,λ. (5.5)
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1
tn−1
t∫
0
f0(s)s
n−2 ds 1
tn−1
∞∑
j=0
(
2− jt
)n−2 2− jt∫
2− j−1t
f0(s)ds
 C
tn−1
∞∑
j=0
(
2− jt
)λ/p+n/p′−1‖ f ‖p,λ,
where in the last inequality we use (5.3). If λ >max(0,n− p(n−1)), the series is convergent and the estimate (5.5) follows.
To see the necessary part of (ii), let f (x) = |x|1−nχB(0,1) . Then f is in Lp,λ for p < n/(n − 1) and λ n − p(n − 1), but
Ms f (x) = ∞.
This counterexample rules out the range λ  2 − p in two dimensions. But we can obtain a further restriction in this
case as stated in (iii). To this end, we take the radial function f (x) = (1 − |x|)−1/2 for 1/2 < |x| < 1 and 0 otherwise. Then
f is in Lp,λ for λ 2− p/2 and p < 2, butMs f (x) = ∞. 
To complete the discussion of the boundedness on the Morrey spaces it remains to decide the behaviour in the range
λ > 2 − p/2 and n = 2. Whatever holds in this range, we ﬁnd again a discrepancy between the result for n = 2 and for
n 3.
Although we were not able to settle the question, we shall include some comments. First we claim that for λ > 2− p/2
we have
1
t1/2
a+t∫
a
f0(s)
(s − a)1/2 ds Ct
(λ−2)/p‖ f ‖p,λ. (5.6)
Indeed, the left-hand side is bounded by
1
t1/2
∞∑
j=0
a+2− jt∫
a+2− j−1t
f0(s)
(2− jt)1/2
ds
and we use (5.3) to obtain (5.6). A similar estimate holds for the integral between b − t and b with (b − s)1/2 in the
denominator.
According to (5.2) we would need to prove that for d > 0 and h < d we have
d+h∫
d
Ms f (t)p dt  hλ−1‖ f ‖pp,λ, (5.7)
where by abuse of notation we write Ms f (t) to denote the value of the spherical maximal operator in a point x with
|x| = t . For each t ∈ (d,d+h) we consider separately the supremum of (3.1) for r  h/2 and for r < h/2. In the ﬁrst case, we
can apply (5.6) to each integral of the right-hand side of (3.1) to get the bound h(λ−2)/p‖ f ‖p,λ . When integrated in (d,d+h)
we obtain the right-hand side of (5.7). Thus, the estimate we would need to ﬁnish the proof of the boundedness is
d+h∫
d
sup
r<h/2
(
1
r1/2
x∫
x−r
f0(s)
(s − (x− r))1/2 ds
)p
dx h1−λ‖ f ‖pp,λ.
This estimate remains open for us.
Let us mention also that the jump from the boundedness from the range 0 λ 2 for p > 2 to the range λ > 2 − p/2
for p  2 would not be in contradiction with the theory of interpolation, since it is known that the Morrey spaces are not
closed under interpolation (see [19], for instance).
6. A Fefferman–Stein type inequality
The Hardy–Littlewood maximal operator satisﬁes for p > 1 the weighted inequality∫
Rn
M f (x)pu(x)dx Cp
∫
Rn
∣∣ f (x)∣∣pMu(x)dx, (6.1)
obtained by C. Fefferman and E. Stein in [12]. The following theorem shows an analogous result for the spherical maximal
operator restricted to radial functions.
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Rn
Ms f (x)pu(x)dx Cp
∫
Rn
∣∣ f (x)∣∣pMsu(x)dx. (6.2)
Proof. We use (3.7), valid for all n  2. Since for radial functions En f q0 (|x|) is equivalent to Mf q(x), we can apply (6.1) to
the ﬁrst term in the right-hand side of (3.7). Then apply that the Hardy–Littlewood maximal function is pointwise bounded
by the spherical maximal function.
To deal with the second term, we claim that for p > 1 we have
∞∫
0
Rg(t)pw(t)tn−1 dt  C
∞∫
0
g(t)pHn−1w(t)tn−1 dt. (6.3)
Taking this for granted, we only need to use the fact that Hn−1u0(|x|)  CMsu(x) for radial u (with u(x) = u0(|x|)). This
fact is easily seen taking r = |x| into (3.1) and bounding below.
To prove the claim (6.3) we prove its weak-type analogue for p = 1,
∫
{t: Rg(t)>λ}
w(t)tn−1 dt  C
λ
∞∫
0
g(t)Hn−1w(t)tn−1 dt, (6.4)
and interpolate with the L∞ estimate. Let λ > 0. As in the proof of Lemma 2.2, with b = sup{t: R f (t) > λ}, we choose for
each  > 0 a value t0 > b −  and a value r > 2t0 such that
1
2t0
r+t0∫
r−t0
g(s)ds > λ.
On the other hand, if t ∈ (r − t0, r + t0),
b−∫
0
w(s)sn−1 ds t0
t0∫
0
w(s)sn−2 ds t0tn−1Hn−1w(t).
Hence
b−∫
0
w(s)sn−1 ds t0 inf
t∈(r−t0,r+t0)
Hn−1w(t)tn−1 
1
2λ
r+t0∫
r−t0
g(s)Hn−1w(s)sn−1 ds,
and the desired inequality follows. 
It is not known whether a similar inequality (or even a weaker one as proposed in [9, Section 4]) holds for the spherical
maximal operator without restricting it to radial functions.
7. The universal maximal operator
Theorem 7.1. Let f be a radial function in Rn (n 2) such that f (x) = f0(|x|). Then the universal maximal functionMu satisﬁes the
following inequalities:
(a) For any q > 2,
Mu f (x) Cq
(
E2 f
q
0
(|x|))1/q. (7.1)
The inequality holds for q = 2 if f is the characteristic function of a radial set.
(b) If f is a decreasing function, then
Mu f (x) CH1 f0
(|x|).
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Mu f (x) C sup
h>0
1
h
|x|+h∫
|x|
∣∣ f0(t)∣∣dt + C sup
0<a<|x|
1
(|x|2 − a2)1/2
|x|∫
a
∣∣ f0(t)∣∣ t
(t2 − a2)1/2 dt.
The ﬁrst term in the right-hand side is equal to E1 f0(|x|), which is bounded by E2( f q0 (|x|))1/q if q > 2, due to the
properties of these operators. For the second term we proceed as in the proof of Theorem 3.1 for the case n = 2. 
The sharpness of the estimates of the previous theorem are established in the next one.
Theorem 7.2. Let f be a radial function in Rn (n 2) such that f (x) = f0(|x|). If
Mu f (x) Cs
(
Ek f
s
0
(|x|))1/s
holds for characteristic functions, then smax(2,k). If it holds for general f , then s > k.
Proof. Let f be the characteristic function of the annulus 1< |x| < 1+δ for small δ. For large x, we haveMu f (x) ∼ δ1/2/|x|
and Ek f s0(|x|)1/s ∼ (δ/|x|k)1/s . The inequality δ1/2/|x| C(δ/|x|k)1/s can only hold for small δ and big |x| if s 2 and s k.
Take now f (x) = |x|−1χ[1,N](|x|). Then, for N < |x| < N + 1 we have Mu f (x)  C logN/N and (Ek f k(x))1/k 
C(logN)1/k/N andMu f (x) C(Ek f k(x))1/k cannot hold for k > 1. 
This theorem implies that the inequality in Theorem 7.1 is sharp in the sense that if (7.1) holds with some Ek f s0(|x|)1/s
on the right-hand side, then there exists q > 2 such that E2 f
q
0 (|x|)1/q  C Ek f s0(|x|)1/s . This follows from the inequalities in
Proposition 2.1 of [11].
The weighted inequalities forMu are deduced immediately from Theorem 7.1 and the corresponding weighted inequal-
ities for the Hardy–Littlewood maximal function.
Corollary 7.3. The weighted inequality∫
Rn
Mu f (x)pw
(|x|)dx C ∫
Rn
∣∣ f (x)∣∣pw(|x|)dx (7.2)
holds for p > 2 and w(|x|)|x|n−2 ∈ Ap/2(R2). In particular, it holds for w(|x|) = |x|α for −n < α < p − n and p > 2. If p = 2 and
w(|x|)|x|n−2 ∈ A1(R2), the corresponding restricted weak-type inequality holds.
IfMu is bounded on Lp(w) for some p < 2, then w vanishes almost everywhere.
Proof. Using (7.1) and polar coordinates, (7.2) holds if w(r)rn−1 is a weight for (E2 f q0 )1/q for some q > 2. Due to the
pointwise equivalence between E2 and the two-dimensional Hardy–Littlewood maximal function this is the same as
w(|x|)|x|n−2 ∈ Ap/q(R2). Since each weight in Ap/2(R2) is in Ap/q(R2) for some q > 2, the conclusion holds. The restricted
weak-type follows in a similar way using (7.1) with q = 2 for characteristic functions and the weak-type (1,1) of the Hardy–
Littlewood maximal operator.
The weight |x|α+n−2 is in Ap/2(R2) if −2< α + n − 2< 2(p/2− 1) and the result for power weights follows.
The proof that the boundedness on Lp(w) for p < 2 implies that w vanishes almost everywhere is similar to the one
given in Section 4 for the analogous statement in Theorem 1.1. It suﬃces to realize that when f is the characteristic
function of the annulus a < |x| < a + δ we have Mu f (x) C(aδ)1/2|x|−1 for |x| > a. The difference is that now this holds
for all dimensions while in the spherical case it was valid only for n = 2. 
The universal maximal operator can be used as a pointwise bound for the maximal operator deﬁned as the supremum of
averages on all the sets x+ D in Rn , where D is star-shaped with respect to the origin and of ﬁnite measure (see Section 5
in [10]). Therefore, the results stated in the last corollary hold for such operator. In particular, they hold for the Kakeya
maximal operator with bounds independent of the eccentricity of the parallelepipeds involved in the deﬁnition.
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